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Population-balance models are often used in order to study
systems that involve the breakup and agglomeration of dis-
crete particles. Particulate systems, crystallization in solu-
tions, and microbial systems are examples of where these

Ž .types of models can be formulated Ramkrishna, 1985 . How-
ever, their use to simulate real processes is limited due to the
complexity in obtaining accurate solutions. The solution to
these models can sometimes be simplified by making certain
assumptions; unfortunately, these assumptions are not always
valid when simulating real systems.

In this communication, a robust, adaptive solution scheme
is developed and used to solve a population-balance model
applied to a real microbial process. This model was for-
mulated to simulate a fermentation process known as self-

Ž . Žcycling fermentation SCF Brown and Cooper, 1991, 1992;
Hughes and Cooper, 1996; McCaffrey and Cooper, 1995;
Sarkis and Cooper, 1994; Sheppard and Cooper, 1990a,b; van
Walsum and Cooper, 1993; Wentworth and Cooper, 1996;

.Zenaitis and Cooper, 1994 . Although this work discusses a
numerical scheme applied to the SCF process, it is intended
to show that this method can be applied to other systems
where population balance equations arise in modeling.

SCF is a fermentation technique in which synchronized cell
cultures are obtained by periodically removing half of the re-

Ž .actor volume and replacing it with fresh medium cycling .
The periodicity of the system is induced by monitoring a
growth-associated parameter, and allowing the system to cy-
cle when an extremum in this parameter is detected. The pe-
riodicity of the system is not predetermined but develops due
to a computerized feedback control. The results are that the
organisms double exactly once during each cycle, in a syn-
chronized fashion.

Cell-mass population-balance models for chemostat and
batch systems have been solved successfully by Subramanian

Žand Ramkrishna Ramkrishna, 1971; Subramanian and
.Ramkrishna, 1971 by applying the method of weighed resid-

uals using global basis functions. However in these simula-
tions, the cell-mass distributions are relatively broad and
evenly distributed in cell-mass space. In the case of SCF, syn-
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chronized cultures evolve and the cell-mass distributions are
narrower in cell-mass space. When modeling such cultures,
the solution to the population balance model must be ob-
tained for cell-mass distributions that progress in time as
fronts. The numerical scheme must be able to capture these
sharp profiles without excessive oscillations in the solution.
These sharp features can be very difficult to capture using
global basis functions without having numerical oscillations
in the solution. These oscillations can sometimes be over-
come by increasing the number of global basis functions used.
Unfortunately using a large number of basis functions greatly
increases computing time. In addition, ill-conditioned matri-

Ž .ces can arise under these conditions Fletcher, 1984 .
Adding to the complexity in obtaining a solution to the SCF

model is the control of cycling in this fermentation method.
The nearly instantaneous emptying and filling of the reactor
results in temporal discontinuities in the cell-mass distribu-
tion and other growth trends. These temporal discontinuities
are also inherent in other fermentation processes such as
fed-batch and sequential-batch fermentations. To capture
these trends with accuracy, the time steps used in the compu-
tations must be reduced to values much smaller than the time
scale associated with these sharp trends. On the other hand,
for intracycle features such as lags in growth curves, the time
steps should not be reduced and thus increase computation
time. In other words, an adaptive time scheme must be used.

Ž .Liou et al. 1997 described a method to obtain the solu-
tion of cell-mass population-balance models based on a suc-
cessive generation approach. In their work, they assumed a
constant growth environment and therefore did not couple a
substrate balance with the population balance equation, which
is necessary when modeling the SCF process. In addition, the
solutions to the models were only obtained for successive
generation times or doubling times. Liou et al. are currently
working on a forthcoming communication that will deal with
the coupling of the population balance equation to a sub-
strate balance equation, but nevertheless there is a strong
need to develop additional robust numerical techniques that
efficiently capture the sharp spatial fronts and the temporal
discontinuities inherent in the mathematical simulation of the
SCF process.
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The SCF model consists of a nonlinear, partial-integro dif-
ferential equation coupled to two nonlinear differential
equations. The model is a segregated, structured cell-mass
population-balance model, and is given as:
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q

­ t ­ m
`

X X X X Xs2 G m , C W t , m p m , m dmŽ . Ž .Ž .H s
m

`
XyG m , C W t , m y fW t , m d ty tŽ . Ž .Ž . Ž .Ýs minO , j2

js1

1Ž .

dC `s Xsy Y r m , C W t , m dmŽ .Ž .H srx sdt 0

`
0q fd ty t C yC 2Ž .Ž . Ž .Ý minO , j s s2

js1

dC `O XUs k a C yC y Y r m , C W t , m dmŽ .Ž . Ž .HL O O Orx sdt 0

`
0q fd ty t C yC 3Ž .Ž . Ž .Ý minO , j O O2

js1

`
Ns W t , m dm 4Ž . Ž .H

0

`
Cs mW t , m dm. 5Ž . Ž .H

0

For clarity, the symbols used in this model are defined in the
Notation section at the end of this article. The total cell num-
ber concentration, N, and the biomass concentration, C, are
given by Eqs. 4 and 5, respectively. The model must be solved

Ž .for the cell-mass distribution, W t, m , the substrate concen-
Ž . Ž .tration, C t , and the dissolved oxygen concentration, C t ,s O

Ž .as a function of time. The single-cell growth rate, r m, C , iss
expressed as the difference between two terms:

r m , C s rX m , C y rY m , 6Ž . Ž .Ž . Ž .s s

XŽ . YŽ .where r m, C is the rate of cell-mass uptake and r m iss
the rate of cell mass released. The rate of cell-mass uptake is
assumed to follow first-order kinetics and is expressed as

mXC 2msXr m , C s . 7Ž .Ž .s ž /K qC Rrs s

The rate of cell mass released is given as

rY m sm m. 8Ž . Ž .c

XŽ .The transition probability function for cell division, G m, C ,s
is written as

2 eywŽmym c.re x2
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Ž X.and the density of daughter cell mass distribution, p m, m ,
is expressed as
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In this model, cell division occurs when the organisms ap-
proach a critical cell mass, m . The functionality of the criti-c
cal division mass is such that the critical division mass de-
creases with decreasing substrate concentration. This rela-
tionship, along with the detailed formulation of the SCF

Ž .model, are further discussed by Godin et al. 1998 .
The boundary condition on the solution of Eq. 1 is given as

r `, C W t , ` s0, 11Ž . Ž .Ž .s

which states that the convective flux vanishes as m™`.
The numerical method developed here solves the microbial

population balance for the SCF process using the Galerkin
Žfinite-element method Finlayson, 1980; Lapidus and Pinder,

.1982 . The implicit predictor]corrector Euler scheme
Ž .Finlayson, 1980; Gerald, 1994 along with a variable time
stepping scheme is used to integrate the microbial population
model in time. The sections that follow discuss the applica-
tion of these methods to solve the microbial population bal-
ance model for the SCF system.

Application of the Galerkin Finite-Element Method
to the SCF Model

Ž .To solve the cell-mass population-balance equation Eq. 1
Ž .for the cell-mass distribution, W t, m , the following trial so-

lution is defined:

N

Ŵ t , m s w t u m , 12Ž . Ž . Ž . Ž .Ý j j
js1

ˆŽ .where W t, m is the trial solution for the cell mass distribu-
Ž . Ž .tion, w t are unknown functions of time, u m are knownj j

nearly orthogonal basis functions, and N is the number of
nodes in the mesh spanning the cell-mass domain 0F mF
m , where m is the upper cell-mass limit above which,max max
for all practical purposes, no cells exist. By substituting this
trial solution into Eq. 1, the residual R is defined as:
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The residual is a measure of the error that occurred when
the trial solution was substituted into the cell-mass popula-
tion-balance equation. The problem lies in obtaining the
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functions w that minimize the residual. This is done by set-j
ting the inner product of the residual and of a set of weighing
functions equal to zero:

mma x
R ?f dms0, 14Ž .H i

0

where f are the weighing functions, and m is the upperi max
cell-mass limit of the finite mesh defined such as to span the
entire domain over which the cell-mass distribution has a
nonzero solution. Applying the Galerkin method, the weigh-
ing functions were set equal to the basis function such that

mma x
R ?u dms0; is1, 2, 3, . . . , N. 15Ž .H i

0

In addition, the population balance equation is also cou-
pled to the limiting substrate balance. In this simulation, a
single limiting substrate is assumed, although the solution to
the model could be obtained for more than one substrate.
Also, the oxygen balance equation is coupled to both the
population balance equation and the limiting substrate equa-
tion. Therefore, a total of Nq2 unknowns must be solved in
Nq2 equations. Rewriting this system of equations in vector
notation yields:
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The solution vector y of Eq. 16 is solved using the
Newton-Raphson iteration scheme. For the vector equation,
this scheme may be written as

kq1 k kq1 kF y s F y q J ? y y y s0, 21Ž .Ž . Ž . Ž .

where k is the iteration index, and J is the Jacobian matrix:

­ Fi
J s . 22Ž .i j ­ yj

This iterative scheme can be rewritten as

ykq1 s yky Jy1F yk . 23Ž .Ž .i j

With each iteration, the vector ykq1 converges quadratically
toward its true value. The iteration is carried out until the
difference between successive solutions reaches a value be-
low a user-specified tolerance.

Ž .Chapeau basis functions Lapidus and Pinder, 1982 , that
is to say the function u in Eqs. 12 and 15, were used to solvej
the cell-mass population-balance equation. These functions
are linear and nearly orthogonal in that they ‘‘hardly’’ over-
lap. Consequently, when evaluating the integrals in f , thei
integration limits may be reduced to values covering the range
where u is nonzero. In addition, over each element of thei
mesh, there are only two contributions from the basis func-
tions. Therefore the Jacobian matrix, J, is a banded matrix.
This reduces the likelihood of having to solve ill-conditioned
matrices. The integrals were solved using a 3-point Gaussian
quadrature method. The boundary condition is implemented
by applying the condition given by Eq. 11 at the node where
m is equal to m .max

Predictor–Corrector Euler Scheme
The solution to the Nq2 equations just discussed must be

found as a function of time. This is accomplished using the
Ž .implicit predictor]corrector Euler scheme Finlayson, 1980 .

This numerical method consists of two steps. The first is an
explicit predictor step in which a solution is approximated
from earlier, known solutions.

Using the notation developed in the previous section, the
predictor step can be written as

y y yn ny1py s y qD t , 24Ž .nq1 n nq1 ž /D tn

where y p is the predicted value of the vector y; y to ynq1 n ny1
are the known values of the vector at time t and t , re-n ny1
spectively; D t and D t are the user specified time stepnq1 n
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from t to t and t to t , respectively; and n is then nq1 ny1 n
solution index. The term in the parentheses is the first-order
difference approximation of the first time derivative of y at
time t .n

The second step consists of an implicit procedure that cor-
rects the predicted value y p to yield a more accurate solu-nq1
tion for y . This procedure uses the predicted solution y p

nq1 nq1
to estimate the time derivatives at t :nq1

­ y y p y yi i , nq1 i , n
s . 25Ž .

­ t D tnq1

This approximation, along with the predicted value y p isnq1
then resubstituted back into Eq. 16 and the Newton-Raphson
iteration scheme is used to find the corrected solution yc

nq1
at time t . If the absolute difference between the predictednq1
and corrected values is greater than a user-specified toler-

< p c < y8ance, in the case of this work y y y G1=10 , thenq1 nq1
solution is rejected and the process is repeated with a smaller
time step. If this difference is within the specified tolerance,
the solution is accepted and the process is continued to find
the next solution y . The time steps D t were originallynq2 n
specified by the user, and were reduced by half if the solution
did not converge within three iterations. Similarly, the time
steps were multiplied by 1.2 if the solution converged in less
than three iterations. This ensured that the stepping algo-
rithm remained efficient if the conditions were such that
larger time steps could be used.

To verify the solution scheme, the method was used to solve
the chemostat and batch models discussed by Subramanian

Žand Ramkrishna Ramkrishna, 1971; Subramanian and
.Ramkrishna, 1971 . The solution to these models obtained

using the solution scheme discussed here was then compared
to the solution obtained by Subramanian and Ramkrishna.

Ž .These results are discussed in Godin et al. 1998 .

Solution of the SCF Model
The parameter values used in these simulations are given

in Table 1. Figures 1 and 2 are the numerical solution to the

Table 1. Parameter Values Used in the Simulations of
the SCF Process

UParameters Values
0C 0.0371 grLO
UC 0.0371 grLO
0C 0.6246 grLs

f 1r2
y1k a 145.2 hL

K 0.01 grLs
y5R 5=10 cm

Y 1.31srx

Y 5.45Orx
y13e 1.061=10 g

X y14e 5=10 g
X y5 2Ž .m 1.515=10 gr cm ?h

y1m 0 hc
3r 1.01 grcm

UThe symbols are defined in the Notation section.

(Figure 1. Simulation of biomass concentration, C up-
)per , limiting substrate concentration, C s

( ) ( )middle , and DO concentration, C bottom ,O
as a function of time for the SCF system.
The sharp discontinuities represent the cycling of the reac-
tor in which half of the volume is replaced by fresh medium.
The control of cycling is achieved by monitoring a growth-
associated parameter and allowing the reactor to cycle when
an extremum is detected. Despite the sharp discontinuities,
the numerical solution does not display any oscillations or
overshoot.

model of the SCF process after it has reached its stable peri-
Žodic state. Figure 1 shows the biomass concentration upper

. Ž .plot , the limiting substrate concentration middle plot , and
Ž .the dissolved oxygen concentration bottom plot as a func-

tion of time. Figure 2 depicts the cell-number concentration
as a function of time, with the total cell number staying con-
stant for the initial time period within each cycle. Figures 1
and 2 show the effect of cycling on the growth curves. The
sudden emptying and refilling of the reactor volume intro-
duces discontinuities in time. These figures demonstrate that
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Figure 2. Simulation for the cell number profile, N, as a
function of time for the SCF system.
The cell number profile is characterized by a constant total
cell number concentration during the early part of each cy-
cle, followed by a sudden increase in cell number toward the
end of the cycle. The sudden drop in cell number corre-
sponds to cycling of the reactor. Again, no oscillations or
overshoot is observed in the numerical solution.

the numerical stepping scheme was able to capture these
sharp trends without overshoot or oscillations. Figure 3 shows
the time steps as a function of time. The time steps decrease
progressively throughout each cycle. This is explained by the
fact that as the cell population increases in the reactor, the
rate of change of the growth-associated curves also increase.
In order to maintain accurate numerical solutions, the time
steps are reduced accordingly. Immediately after the reactor
has cycled, the time step is reduced even further to a value
close to zero, since the input to the system is singular at this
point. Once solutions are found for two consecutive times

Figure 3. Integration time steps as a function of time
obtained using the adaptive predictor–correc-
tor Euler scheme.
The time steps, D t, are controlled by the algorithm so that a
user-specified accuracy is always maintained. Note that after
each cycle, the time steps increase rapidly initially, then pro-
gressively decrease as a new cycle is approached, at which
point it is nearly zero since the input to the system is singu-
lar.

Figure 4. Simulation for the cell mass distribution prior
( )to doubling of the organisms solid line and

( )immediately after cycling dashed line of the
SCF system.
The figure depicts the narrower cell mass distributions asso-
ciated with synchronized cell populations. The cell mass dis-
tribution profile takes on a sharper profile immediately af-
ter cycling and becomes smoother as the distribution propa-
gates along the cell mass space. The initial propagation
without cellular division results in the constant total cell
number observed at the beginning of each cycle. The
Galerkin finite-element method is able to capture the sharp
spatial changes by using localized basis functions.

after cycling, the time steps immediately increase to maintain
an efficient progression in time. This is seen as the large
steplike increases in the time steps. It is worth noticing that
the time steps exhibit frequent overshoot when changing to
new values. The time steps eventually stabilize over short in-
tervals when the time steps are adequate to fulfill the user-
specified conditions of accuracy and efficiency. Therefore the
stepping scheme allows for the user to specify the accuracy
required while maintaining an efficient numerical scheme.

Figure 4 shows the cell-mass distribution of the system prior
Ž .to the doubling of the organisms solid line , and immediately

Ž .after cycling dashed line . The figure depicts the narrower
cell-mass distributions associated with synchronized cell pop-
ulations. The younger cells also take on a sharper profile im-
mediately after cycling. The distribution becomes smoother
as the distribution propagates along the cell-mass space. The
initial propagation without cellular division results in the
constant total cell number observed at the beginning of each
cycle. The use of localized basis functions allows for this front
profile to be captured without oscillations or overshoot. This
method reduced the number of nodes required for these sim-
ulations. In the present case, 81 nodes were used for this
simulation, with the distribution of nodes accommodated such
that they were concentrated in the space spanned by the

Ž .cell-mass distribution W m, t . In particular, half of the nodes
were evenly distributed between the cell-mass values of 1.151
=10y12 g and 1.951=10y12 g with a spacing of 0.0195 g,
thereby capturing the sharp features over this region. The
solution scheme was very robust and converged quickly, usu-
ally within three iterations. Using localized basis functions
also reduced the problem of inverting the Jacobian matrix to
the inversion of a banded matrix, therefore reducing the like-
lihood of encountering singular matrices. This would also al-
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low for an increase in the number of nodes, if this were re-
quired to appropriately capture the numerical solution.

Conclusion
A numerical solution scheme using the Galerkin finite-ele-

ment method, along with a predictor]corrector Euler scheme,
was developed and applied to solve the population balance
model of a real fermentation system known as self-cycling
fermentation. The model consisted of a nonlinear, partial-
integro differential equation coupled to two time-dependent,
nonlinear differential equations. Due to the synchronized na-
ture of this cell culture, the solution to the model had sharper
cell-mass distributions when compared to nonsynchronized
cell cultures. Furthermore discontinuities in time were
present in the growth curves. An accurate solution was found
and the method proved to be robust and efficient. An adap-
tive time-stepping scheme was used to capture the time dis-
continuities without introducing oscillations or overshoot,
while maintaining a maximum efficiency between cycling
events, thereby reducing computing time. The localized basis
functions were able to capture the sharp cell-mass distribu-
tions associated with synchronized cell culture while reducing
the possibility of generating ill-conditioned matrices. Al-
though this model was solved for a single substrate, the solu-
tion scheme could be modified to include multiple substrates.
In addition, the same approach could be used to solve popu-
lation-balance models with more than one spatial dimension,
as well as population balance models dealing with different
processes in other fields of study.

Notation
C 0 sconcentration of dissolved oxygen in the feed stream, grLO
CUsconcentration of dissolved oxygen at saturation, grLO
C 0s concentration of limiting substrate in the feed stream, grLs

fsemptyingrfill fraction
jscycle number

k as volumetric oxygen transfer coefficient, hy1
L
K ssaturation constant, grLs
mXscell mass, g
Rsradius of rod-shaped cell, cm

t s time at the DO minimum of cycle j, hminO , j2

Y s fraction of oxygen in the mass taken up by the cell, g oxy-Orx
genrg cell mass

Y s fraction of limiting substrate in the mass taken up by thesrx
cell, g limiting substraterg cell mass

Ž .d t sdelta Dirac function
esmeasure of spread in division mass distribution, g

e Xsmeasure of spread in daughter cell-mass distribution, g
X Ž 2 .m smaximum mass flux, gr cm ?h

Ž 2 .m sspecific mass release rate, gr cm ?hc
rsdensity of cells, grcm3
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